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We consider a size-structured population model where individuals may be recruited into the population at
different sizes. First- and second-order finite difference schemes are developed to approximate the solution
of the model. The convergence of the approximations to a unique weak solution is proved. We then show
that as the distribution of the new recruits become concentrated at the smallest size, the weak solution
of the distributed states-at-birth model converges to the weak solution of the classical Gurtin-McCamy-
type size-structured model in the weak* topology. Numerical simulations are provided to demonstrate
the achievement of the desired accuracy of the two methods for smooth solutions as well as the superior
performance of the second-order method in resolving solution-discontinuities. Finally, we provide an
example where supercritical Hopf-bifurcation occurs in the limiting single state-at-birth model and we
apply the second-order numerical scheme to show that such bifurcation also occurs in the distributed
model.

Keywords:. continuous structured population models; distributed states-at-birth; finite difference approx-
imations; convergence theory; existence and uniqueness of solutions

1. Introduction

Continuous structured population models are frequently used to study fundamental questions of
population dynamics, see e.g. [1,2,5-11,17,22]. These models assume that individuals are distin-
guished from one another by characteristics such as body length, height, weight, maturity level,
and age, etc. These characteristics are often referred to as size in general. In the classical one-
dimensional case, size-structured models are formulated in terms of a nonlocal hyperbolic partial
differential equation (PDE) describing the dynamics of the density u(x,t) together with an
initial value ug(x) and a boundary condition at x = Xo. Here X is the structuring variable size. The
boundary condition describes the inflow of newborns in the population. In most of these models,
it is assumed that all the newborns have the same size Xg. It is clear in the case when X represents
age and xo = 0. However, this assumption is not appropriate for many phenomena. For example,
newborns of human beings and other mammals can have different body lengths and weights at
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birth. In cell populations, where large enough cells with different sizes will divide into two new
daughter cells through mitosis and cytokinesis, there is no fixed size for the newly divided daugh-
ter cell when joining the population. Another example comes from modelling fragmentation and
coagulation in systems of reacting polymers where aggregates of different sizes coalesce to form
larger clusters or break apart into smaller ones [3,14,23]. In all of these examples, the recruitment
cannot be accurately modelled by simply imposing one boundary condition at the xo.

Population models with distributed states-at-birth thus were introduced and studied for example
in[2,7,11,22]. Calsinaand Saldana [7] considered a very general size-structured model where indi-
viduals may be recruited into the population at different sizes. The recruitment of new individuals
is demonstrated in the PDE and modelled by a Lipschitz operator. They studied well-posedness
of the model and established global existence and uniqueness of solutions utilizing results from
the theory of nonlinear evolution equations. Tucker and Zimmerman [22] studied an age-size-
structured population model which assumes that size-at-birth is distributed. They proved the
existence of unique solutions to the model using a contraction mapping argument. The local
asymptotic stability of equilibria is also discussed using results from the theory of strongly con-
tinuous semigroups of bounded linear operators. Distributed recruitment terms also appear in
structured population models dealing with cell division [17] and in modelling reacting polymers
by means of fragmentation models [16].

In this paper we consider the following nonlinear Gurtin-MacCamy-type model with a dis-
tributed recruitment term (see, e.g. [11]) and will refer to it as the distributed size-structured model
(DSSM):

0 a
ap(s, )+ a—S(V(S, QM)IP(s, 1)) = —u(s,QM)P(S )

1
+ /0 :B(Sl Y, Q(t))p(y’ t) dy, Se (O, 1)1 te (01 T), (1)

y(0,Q)p0,t) =0, te 0TI,
p(s,0) = p°(9), sel0,1].

Here, p(s, t) denotes the density of individuals of size sat time t. Therefore, Q(t) = fol p(s t)ds
provides the total population at time t. The functions y and w represent the individual growth and
mortality rate, respectively. It is assumed that individuals may be recruited into the population
at different sizes with B(s,y, Q) being the rate at which one individual of size y gives birth to an
individual of size swhen the total population is Q. There is no-inflow of individuals through the
boundary s = 0 since p(0,t) = 0 forallt > 0.

Farkas et al. [11] analysed the asymptotic behaviour of solutions of model (1) using positive
perturbation arguments and results from the spectral theory of positive semigroups. In [2], the
question of the existence of non-trivial steady states is studied based on the reformulation of the
problem (1) as an integral equation. However, to our knowledge, numerical schemes for computing
approximate solutions of the distributed-rate model (1) have not been developed. Thus, in this
paper we focus on the development of finite difference schemes to approximate the solution
of model (1). Efficient schemes are essential for solving optimal control problems or parameter
estimation problems governed by model (1) as such problems require solving the model numerous
times before an optimal solution is obtained.

Furthermore, we establish a connection between the model (1) and the following classical
size-structured model (CSSM) which will be referred to as CSSM for abbreviation:

0] 0]
ap(S, )+ 8—5(7/(3 QM)IP(s 1) = —u(s, Q)p(s ), se(0,1), teOT),
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1
¥ (0,Qt)P0, 1) = /0 By, QOIPY.bdy, te0,T], @)
p(s,0) = p°(s), sel0,1].

Here f is the fertility rate of individuals of size y at population level Qand the rest of the functions
and parameters have similar interpretations as in model (1). We show that as the distribution of the
new recruits become concentrated at the smallest size, the weak solution of Equation (1) converge
in the weak* topology to the weak solution of Equation (2). To our knowledge, this is the first
theoretical result that connects the two models.

This paper is organized as follows. Assumptions and notation are introduced in Section 2. In
Section 3, we present a first-order explicit upwind (FOEU) scheme for solving the DSSM and
prove its convergence to a unique weak solution with bounded total variation (TV). In Section 4, we
present a second-order explicit finite difference scheme and prove its convergence. In Section 5, we
establish the connection between DSSM and CSSM. Section 6 is devoted to numerical simulations
and to the construction of a simple example in which supercritical Hopf-bifurcation occurs. We
give concluding remarks in Section 7.

2. Assumptions and notation

LetD; = [0, 1] x [0,00) and D, = [0, 1] x [0, 1] x [0, c0). Let ¢ be a sufficiently large positive
constant. Throughout the paper we impose the following regularity conditions on the functions
involved in the DSSM.

(H1) y(s Q) is continuously differentiable with respect to sand Q, ys(s, Q) and yq(s, Q) are Lip-
schitz continuous in swith Lipschitz constant c, uniformly in Q. Moreover,0 < y(5,Q) < ¢
forse [0,1)and y(1,Q) = 0.

(H2) 0 < u(s, Q) < c, u is Lipschitz continuous in sand Q with Lipschitz constant c.

(H3) 0 < B(sy,Q) <c, B(sY,Q) is Lipschitz continuous in Q with Lipschitz constant c,
uniformly in sand y. Moreover, for every partition {s}); of [0, 1], we have

N
sup D 1B(S.Y,Q - B LY. Ql<c

VQel0.1]x[0,00) {7

(H4) p° e BV([0, 1]), where BV stands for the space of functions with bounded TV, and p°(s) >
0.

Now we give the definition of a weak solution to the DSSM as follows.

DerNiTION 2.1 Afunctionp € BV([0, 1] x [0, T]) iscalled a weak solution of the DSSM model
(2) if it satisfies:

1 1
/ p(st)p(st)ds— / p°(5)¢ (s, 0) ds
0 0
t p1
= /0 /O p(s, T)[p: (S, T) + ¥ (S, Q(1))ps(S, 7) — (s, Q1)) (S, T)]dsdr]

t 1 1
—i—fo/O/0ﬁ(S,y,Q(r))p(y,f)Mst)dydsdt 3

for every test function ¢ € C1([0,1] x [0, T]) andt € [0, T].
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Suppose that the intervals [0, 1] and [0, T] are divided into N and L subintervals, respectively.
The following notation will be used throughout the paper: As= 1/N and At = T /L. The discrete
mesh points are given by s =iAs, t = kAt fori =0,1,...,N, k=0,1,...,L. For ease of
notation, we take a uniform mesh with constant sizes Asand At. More general nonuniform meshes
can be similarly considered. We shall denote by pk and Q the finite difference approximation of
p(s;, ty) and Q(ty), respectively. We also let

W=y.Q w=usQ B =pG6y.QY.

We define the ¢! and ¢ norms and the TV seminorm of the grid functions p* by

N N-1
1Pl = D IpKIAs 11PNl = max [Pt TV = ) Ipky — P,
i=1 T i=0

and the finite difference operators by
AP =ply—pS 0<i<KN-1, Api=pf-p, 1<i<N,

Throughout the discussion, we impose the following Courant—Friedrichs—Lewy condition
concerning Asand At:

(H5) c(3At/2AS) + cAt < 1.

3. Afirst-order upwind scheme

We first discretize model (1) using the following FOEU scheme:

k

N
Pt —pk e - P KK K K ;
' X L+ s =—uipi+§,8i,jijs, 1<i<N, 0<k<L-1,
- 4)
Yok =0 0<k=<lL,
p=p"s), 0<i=<N,
where the total population QX is discretized by a right-hand sum Q< = ", p*As.
We can equivalently write the first part of Equation (4) as follows:
N
At At
Pt = A_Syik—lpik—l + (1 - A_syik - MikAt) P+ (; ﬁilfj pjkAs) At
1<i<N,0<k=<L-1 (5)

The boundary condition y (0, Q(t))p(0, t) = 0and assumption (H1) imply that p'g = 0fork > 0.
One can easily see that under assumptions (H1)-(H5), p!‘“ >0, fori=1,2,...,Nand k=
0,1,...,L — 1. Therefore, the scheme (4) has a unique nonnegative solution.

3.1. Edtimatesfor thefirst-order finite difference approximations

In this section we use techniques similar to [4,21]. We begin by establishing an ¢, bound on the
approximations.
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Lemma 3.1 The following estimate holds:
1P < (L4 cADX(Ip’ L < (L +cAtt P < expeD) P’ =My, k=0,1,...,L.

Proof Multiplying Equation (5) by Asand summing overi =1,2,...,N, we have

N N N N
Yopttas= " plas— AtY (P - v — ) plufasat
i=1 i=1 i=1 i=1

N N
+y (Z i'fjpjkAs) AsAt.

i=1 \ j=1
Therefore by assumptions (H1)-(H3) and the second part of Equation (4)
1Pl < 1PMI — Atoaspl — vopb) + cllplLAt

= (L + cAD|Ip")1,

which then implies the estimate.
Note that Q¢ = 3", pAs = ||p¥|l1 < My. We now define D = [0, 1] x [0, My].
Lemma 3.2 The following estimate holds:
IPloe = (X +26A0 Pl < (1 + 2¢AD [Pl < eXPET)[IP°loo,  k=0,1,..., L.

Proof Since pg =0fork > 0, ||p"! |~ is obtained at p!‘“ forsomel <i < N.
From Equation (5) and assumptions (H1), (H3) and (H5), we have

At At
1P o < A—Syik_lnpknoo + (1 - A—Smk — uikm) 19100 + ClIP¥loo At

< 1P%l0 + SUP [¥sl 1P los At + CllP¥|l o At
Ds

< 1+ 2cA) P oo

LEmMA 3.3 There exists a positive constant M, such that TV(pX) <My, k=0,1,...,L.

Proof From the first part of Equation (4), we have

K41 k+1

At
AT — P = (0l — B — L 0apla — vl — Ol = Haplw)]

N
— AP — B + Y (B — BPASAL.
j=1

Simple calculations yield
PPy — WP — P = 1) = Ha P — B + (S — P — v - Py
- 0 = nopf
= 752l — PO — P = P + 0 = D
(P — P + [ — 19 — 0 = 1P
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Therefore, forl <i <N —1,

K+1 k+1 _

At At At
[ (1 — A—Smkﬂ> (P = B + L0 P — Pl — 0 = D - )

At
e (1 — ¥ — B* =y DIpE — At Pk, — 1P

N
+ ) (Bl — AP ASAL ©
=1
Summing Equation (6) overi = 0,1,...,N — 1 and applying assumptions (H1) and (H5) we
arrive at

TV(EHh = |pt - k+1|+Z|p.k:f P

N 1

k+1+2|p.+1 Pl ASZ(%+1|D.+1 Pl — y€Ipl — i)

Nl Nl

Zw. — 7€ lpk = P 1|+—Z|(y.+1 W — = v D Ipk

N-1 N
+ At Z |M|+1p|+1 Pkl + Z Z |:3|+11 ﬂilfj |pjkASAt- ()
i=1 j=1
By Equation (5) and assumptions (H1)-(H3),
At At N
k+1 k K k
Py _A_s,y°p°+<l_A_syl_ >P+ 121: BripfAs | At
At
= Pl — P+ clplat (8)
It can be seen from assumption (H1) that
N—-1
(A5 lPl = BT = 7 IR = PICal) = 71PN — PRal = 7f 1P = pBl = =P (9

i=1
and

At At N N
D(ml 79— = HEDIPf = 1 D 1rsGi1, Q) — (8, QIIpAs
i=1
N-1
< At) 2cpfAs < 2c|p|1At, (10)
i=1

where § € [s_1,5]and §11 €[S, S41].
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By assumption (H2),

N—-1 N—-1 N—-1
|“|+1p|+1 lu’l pl |At < At Z |'U“|+1 i |p|+1 + Zsup 'U“|p|+l pl |At
i=1 i=1 i=1 3

N—-1
<clpfliat+c) " pl, — pflAt.

i=1

By assumption (H3),

z
|

1

I
hN

i j=1 j=1 \i=1

A combination of Equations (7)—(12) then yields

N—1
At At
TVE*) < pf = — Pl + el At + 3 1Pty — il + Pl
i=1
N—-1
At
+ S IelAs Y 1Pl — Pl +clipflli At +clipf At
i=1
N—-1

+c ) Ipfa — pAt + 2¢]p[l1 At.
i=1

N N N-1
> 1B — B AsAt =) (Z B2 — B} |) pfAsAt = clp[1At.

(11)

(12)

(13)

Therefore, from assumption (H1), Lemmas 3.1 and 3.2, there exist positive constants ¢; and ¢,

such that
TVEY < 1+ A TV(EPY) + coAt,

which leads to the desired result.

LEmmA 3.4 There exists a positive constant M3 such that for any g; > @, > 0 the following

estimate holds:

| pt - p¥
Z Atl

AS < M3(01 — ).

Proof By Equation (5) and assumptions (H1)-(H3), we have

pltt — pk N
Z ylk—lpl 1 yl /’LI p| As+ Z :8| Jp] AsAs

> A

N
1

I\
HN

S

Mz

Il
N

+ZZ,B,Jp] ASAS

i=1 i=j

< cTV(P") + 3c)p"]:.

| —Yi- l|p| +ZV| |p| _pl 1| +ZM| p:(AS
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Thus, by Lemmas 3.1 and 3.3 there exists a positive constant M3 such that

N | e+t K
z : pl pl AS E M3
4 At
i=1
Therefore,
N N [*13 Kk+1 K
p| s < pi - p|
As<M .
E AL < E AL 3(01 — O2)
i=1 i=1 k=0

3.2. Convergence of thefirst-order finite difference approximations to the unique weak
solution

Following similar notation as in [21] we define a set of functions {Pasat} by {Pasat(s 1)} = p}<
forse[s-1,9),t € [tk_1,t), 1 =1,2,...,N,andk = 1,2,...,L. Then by Lemmas 3.1-3.4, the
set of functions {Pasat} is compact in the topology of £1((0,1) x (0, T)). Hence, following the
proof of Lemma 16.7 on p. 276 in [21] we obtain the following result.

THEOREM 3.5 There exists a subsequence of functions {Pag a1, } C {Pasat} Which convergesto
afunctionp € BV([0,1] x [0, T]) inthe sensethat for all t > 0,

1
/ IPas.at — Pp(s t)|ds — 0,
0

T 1
/ / |[Pag.at, — P(s t)]dsdt — 0
o Jo

asr — o (i.e Aa, As, Aty — 0). Furthermore, there exists a constant M, depending on
IP°llBv((0.11x[0.T}) Such that the limit function satisfies

IpllBv(0,11x0,T < Ma.

We show in the next theorem that the limit function p(s, t) constructed by the finite difference
scheme is a weak solution of the DSSM model (1).

THEOREM 3.6 Thelimit function p(s, t) defined in Theorem 3.5 isa weak solution of problem (1).
Moreover, it satisfies

Pl 01)x 0.y < eXPCT) 1P| co-

Proof The fact that p(s,t) is a weak solution with bounded TV follows from Lemma 3.1-3.4
and Lemma 16.9 on p. 280 of [21]. The bound on ||pl[L=o,1)x 1)) iS obtained by taking the limit
in the bounds of the difference approximation in Lemma 3.2. |

The following theorem guarantees the continuous dependence of the solution p of Equation (4)
with respect to the initial condition p?.

Tueorem 3.7 Let {pK} and {pX} be solutions of Equation (4) corresponding to the initial
conditions {p?} and {pP}, respectively. Then there exists a positive constant § such that

PR — PR < (1 + 8ty [Ipk — pFl, for all k > 0.
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Proof Letuf =pk—pkfori=0,1,...,Nandk=0,1,...,L. Thenby Equation (5) u satisfies

At A A R At Ak
U = P = AGBD) + (= B — Rl -

N
— Atk — akp + Y (Bl - Alpoasat, 1<i<N 0<k<L-1, (14)
j=1
U = pftt k=0, 0<k<L-1.

Here Q% = Y1) o, 7% = v (s, t, Q) and similar notation are used for /¥ and BY. Using the
first part of Equation (14) and assumption (H5), we obtain

At At A AKy s
U < (1 v Atu!‘) U]+ il + A = PP — (1 = PR

N N
+ Atlaf — AP+ Y B Ik asat+ Y " 1B — Bl IpfAsat
j=1 j=1

N
At
< [1- At | Y plas) At U] = — U = v
=1

N
At R R A KA K 1
SO = RDBE = = OB + Lk — AKIBEAL+ Y 1B — Al Ipfasat

j=1

Multiplying the above inequality by Asand summing overi =1,2,...,N, we have
N N N

Dot as< > 01— Atuf+ [ Y gEAs| At | jufas

i=1 i=1 j=1

N N
— AUY U = U D + ALY T = PP — 0 = PR
i=1 i=1

N N N
+ ALY | — AfIpkAs+ AtY Y 1B — BEIpfAsAs. (15)
i=1 i=1 j=1

Here by assumptions (H2) and (H3)

N N N
1— kAt + Zﬁik,jAs At | |uK|As < Z(1+CAt)|uik|As=(1+cAt)||uk||1. (16)
i=1 j=1 i=1

By assumption (H1) and the second part of Equation (14), one obtains

N

DU = v U D = G L] — vEIush = yElusl = 0. (17)
i=1
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By assumption (H1),

N
Z |0 = PE DB — 0 = POBN

N
— PR = B+ DI =P — s =PRI
i=1

I/\

yo(s-1, QI1QK — QXlIpk — pi 4 |

N
2 s
N
<>
i=1
+ Z lyo(s, Q9(Q = QY — yo(si1, Q9 (Q* — Q9Ipk

i=1

N
= 1Q = QIsup ol V(P +1Q — > 1ro(s, Q9 — yo(s-1, QI

i=1
N
< Q- Q| [sﬂt;p vl TV +¢) ﬁFAs}
3 P—
=1Q¢- Qkusﬂt;p lval TV + cllp“l1], (18)
3
where QK is between Q¥ and O.

By assumption (H2),

N

N
Dol - afipas =Y cl@ - Q9IpFAs < clQ — QI (19)
i=1

i=1

From assumption (H3) we obtain

N N
SO 18K — BB AsAsAt<AtZZC|Qk Q“|pkasas

i=1 j=1 i=1 j=1

N N
<clQ - QNat) ") pkasas

i=1 j=1

N N
< c|Q — QX (Z ijkAs) (Z AS) At
j=1 i=1

= ¢|p¥)111Q" — Q¥At. (20)

A combination of Equations (15)-(20) and assumptions (H1)-(H3) implies that there exists a
positive constant M such that

Ul < (14 cAduf]ls + MQK — Q¥|At.
Note that

N N N
Q—Q =1 —pHas = > Ipk—plas< D ufAs = (U
i=1 i=1

i=1
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Therefore,
U < (1 + cAt + MAL |U¥]..

Let § = c + M and we obtain the result. [ |

In the next theorem we prove that the BV solution defined in Theorem 3.7 is unique using a
technique similar to that in [4].

THEOREM 3.8 Suppose that p and p are bounded variation weak solutions of problem (1) corre-
sponding to initial conditions {p°} and {p°}, respectively. Then there exists a positive constant
such that

IpC, ) = BC, Oll2 < plIpC:, 0) — P, 0) 1.

Proof Assume that Q is a given Lipschitz continuous function and consider the following initial-
boundary value problem:

9 9 1
&p(s, t) + a—s(y(s, QM)p(s 1)) = —u(s, QM)p(st) + /O B(sy, Q))p(y, t) dy,

se (0,11, t € (O, T], (21)
y(0,Q(t)p(0,t) =0, tel0,T],
p(s,0) = p°(9), sel0,1].

Since Equation (21) is a linear problem with local boundary conditions, it has a unique weak
solution. Actually, a weak solution can be defined as a limit of the finite difference approxima-
tion with the given numbers QX = Q(ty) and the uniqueness can be established by using similar
techniques as in [24]. In addition, as in the proof of Theorem 3.7, we can show that if pi and
pk are solutions of the difference scheme (4) corresponding to the given functions Q¥ and Qx
respectively, then there exist positive constants ¢; and ¢, such that

U < L+ aAD W + clQF — QY AL, (22)

with uk = pk — pX.
Equation (22) leads to

k-1
Wl < A+ ADKIWll + ALY (1 + gAY QT — QY
r=0
Hence
k-1
Uz < L+ A (||u°||1 + ALY QT - Q“‘H) : (23)
r=0

Now from Theorem 3.5 one can take the limit in Equation (23) to obtain

t
Ju(- Bl < e’ <||u°||1 +ch0 1Q() — Q(I)|dl> : (29)

where u(-,t) = p(-,t) — f)(-,t)Aand p(-,t) are the unique solutions of problem (21) with any set
of given functions Q(t) and Q(t). We then apply the estimate given in Equation (24) for the
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corresponding solutions of Equation (21) with two specific functions Q(t) and Q(t) which are
constructed using the limits obtained in Theorem 3.6 as follows:

1 1
QW) = /0 pstyds, Q) = /O p(s t)ds.

Thus, we have

1 1
Q) — Q)| = ‘/0 IO(S.'[)dS—/0 p(s t) ds

1
sfo PS. D) — ps b ds
1
=/O U Bl ds = fJuc B

Therefore,
t . t
/ QM) — Q) dl < / UG, 11 d.
0 0
Thus,
t
JuG-, tll; < e’ <||u°||1 +C2/ ||u<~,t>||1dl).
0
Using Gronwall’s inequality we have
UG, ]l < e@THRTerD 0,

The result follows by letting p = e(@T+eTeh), [

4. A second-order finite difference scheme

To achieve an accurate approximation the first-order upwind scheme we discussed in the previous
section would require many grid points and thus is time-consuming. In this section we develop
the following second-order finite difference scheme for the DSSM based on minmod MUSCL
schemes [15,20] (SOEM).

k+1 K £k _Fk
P —p +fi+1/2 fifl/z

At As

N X
=—ufpl+ ) Bipfas i=12...,N, k=01,...,L-1
j=0

vpk =0, k=0,1,...,L,
(25)

with the initial condition p? = p°(s). Here QX is discretized using a second-order Trapezoidal
rule.
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That is,
N X 1 N-1 1
K K K K K
= " AS = —PHAS " AS+ —py AS.
Q ; o SPiAS+ ; p‘As+ oY
Similarly,
N X 1 N—1 1
B AS = S BlpkAS+ > pEpAs+ S APk As
j:O 2 j=l 2

The finite difference scheme (25) can be rewritten as

_ kAt

N X

t -~ ~ .

As(fiﬁl/2 — 1510 — ufprat+ (§ : ﬂi'fjpjkAs) At, i=1,2,...,N. (26)
j=0

Here the limiter is defined as

o YK+ 3 (i — Rk + Svfmma i A p), 1=2,...,N=-2,
fi+1/2 = 27)

A i=0,1,N—1,N.
The minmod function mm is defined by

sign(a) + sign(b)

mm(a, b) = 5

min(|al, |b]).

Therefore,
mm(a, b) mm(a, b)

0< —>=<1 and 0< ———<1 Vabzo.

As in [20] we define B and D¥ by

JIMALPE A gy mm(A—pik,A—pik_l))

(Vik+1 +y¥+y AP — ¥ AP

 MM(A pk, Ap!‘))
A_pf '

mm(A_pf, A_pf ;) :

2y K — pk ' ! : i=N-1,

( Vi Vi A—pik

)/|k: I = 11 Nv

Bk _ (Vil—(i—l A+

NIl Nl N

(ALY ALY, 1=3,...,N=2,

Dk — _A+Vik + A—Vik, i=2,
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Note that
Aspk, A_pk mm(A_pl, A_pK ) _
k(g MMAPLA-PDY Lk (4 i =) i=3.. N-2
Vi ( A,p}‘ Yi—1 A7pik
mm(Ap¥, A_pk) .
2k 4k MMCAER AP i=2
2B<-Doy={""" " A_pf
mm(A_pX, A_pK ) .
Vik+Vik1(l_ Aplpk L) i=N-1,
|
2pk i=1,N.

One can easily see from assumption (H1) that

c, B<—DF=o0. (28)

N w

3
BY| < 5 suply| <
D

The finite difference scheme (25) can then be written in a more compact way as follows:
At At
At = (1 B - e -+ LBl - Dopt

N *
+ Z ,Bi'fjp}‘As At fori=1,2,...,N. (29)
i—0

4.1. Estimates of the second-order finite difference approximations

From a biological point of view, it is very important that our scheme preserves non-negativity of
solutions. We will first show this property in the following lemma.

LemMma 4.1 Thefinite difference scheme (25) has a unique nonnegative solution.

Proof From assumption (H4), we have p > 0 fori = 0,1,...,N. Also, by the second part of
Equation (25) and assumption (H1), p§ = 0 for k > 0. Moreover, by assumptions (H1)-(H3) and
(H5), one observes that

At At 3 At 3
1— —Bf—pkAt>1-— —Zsu —sup|u|At >1— —=c—cAt > 0. 30
As | M = AS2 Dlp 54 D1p|/vL| = AS2 = (30)

Therefore, by induction it follows that p > 0 fori =1,2,...,N, k > 1, and thus the system
has a unique nonnegative solution. |

The next lemma shows that the numerical approximations are bounded in ¢* norm.

LEmMA 4.2 For some positive constant Ms, the following estimate holds:

P81 < expeT) IR’ =Ms fork=0,1,...,L. (31)
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Proof Multiplying the first part of (26) by Asand summing overi =1,2,...,N, we have

N X
BEpiAS | AsAt
=0

N N N N
1P, = Z pKAS — Z(ﬁlfkl/Z - filil/Z)At - Z WP AtAS + Z
i—1 i—1 i—1 '

i=1 \j
N N N X
= 1P — PR — P At = ) pfplasat+ Y | D plipfas] Asat.
i=1 i=1 \ j=0
Therefore, by assumptions (H1)-(H3) one can see that

N N X
P < e+ D0 [ DD Bl as | asat

i=1 \ j=0

N
< 1Pl +c ) IpNlLAsAt
i=1

< (L +cAtp s,

which implies the estimate. n
Note that
N X N 1 N
Q=) pas=) pias—Spias< )y plas=pf < Ms.
i=0 i=1 i=1

We now define D4 = [0, 1] x [0, Ms].
The following lemma establishes 1°° bounds of the numerical approximations.

LEmmA 4.3 There exists a positive constant Mg such that

1Pl0e < Mg fork=0,1,...,L.

Proof If ||p“|l« is obtained at the left boundary, then ||pX|ls = p'g = 0 for k > 0. Otherwisg,
assume that p!‘“ = ||p* ||, for some 1 < i < N. From Equation (29), assumptions (H1)—(H3)
and (H5) we have

N X

At At
1P oo < (1 - B M?‘At) 1PYloe + < B = DI loe + | D AljAs | 1Pl AL
j=0
A

K L
< L+ eAD P o — = DRIIP oo

By assumption (H1), ¥ — 1*,] = |53, Q)| As < cAsand thus —D¥ < 3cAs.
Therefore,

1 oo < (1 + 3cAD P o

The result then follows easily from the above inequality. |
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In the next lemma we show that the approximations p}‘ are of bounded TV.
LeEMMaA 4.4 There exists a constant M, such that
TVEH <M; fork=0,1,...,L.

Proof From Equation (29), we have

At At
S (1— .H) (Pfy1 = p.>+A—S<Br—DF><pr—pF,1>— (0, — D!

N X N

- At(“r—&—lp:(-&-l - M|kp|k) + Z lBiIfﬁ-l,j pj!(AS At — Z ij] As | At,
j=0 j=0

fori=1,...,N—-1.
Therefore,

N—
TV(pk+1 |pk+1 k+1 Z pr:ll _ p:<+1

Kk+1 kl
< Ipftt —pht Z

=1

At
( '“) (Plis = P + £ (B = DO — Py

N-1
At
+Z|D|+1 Dk|p| As +Z|M|+1p|+1 :"Likpik|At

N-1| N ¥ N X
2|2 Aapfas— ) Alipas At
i=1 |j=0 j=0
= P — o+ i+ 2+ s+ L. (32)

We now estimate the bound of TV (pX) term by term.

At
kL pkH | = <1 _ A_SB At) (Bl DY)pk + Z 'BlJpJ As| At

- (1 - i—;ylk — ) (Z BLip As) At. (33)

By assumptions (H1) and (H5),

N-1
At At
<> (1 - .+1> IPya = P+ (B = DOIP — Pl

i=1

Z|p.+1 Pl ASZ(B.Hlp.H pl| — Bt — Pl 1|>——ZDk|p.—p. i
i=1

- At ok k Kipk _ K At kg ok
Z|p|+1 Pl - A_S(BN|pN — Pn—1l = BalPr — pol) — A_SZDi P — Pyl
i=1



Downloaded by [University of Stirling Library] at 03:06 25 August 2015

18 A.S Acklehet al.

£ N=
At
< Z|p=(+1—pik|+A—s Z 5Up|)’| —nal e =Pl

=1

3
Z IPfys — P+ —yl P+ SCTV(P9AL

By assumption (H1),

At At
2: k 2: K|k
|2 = |D|+1 D |p| AS+ IDI+1 Di |p| AS
i=3

i=1,2N—2,N—1
N—3
At
K Ky K K
§|D|+l Di|piA_S+8S§4p|Di|piA_s
N—3

<Y Dk, - Dklp. +12c||p||ooAt
=3

From assumption (H1) we have

Dy — Dfl = 31(Aspy + Amkﬂ) — (Ary + Ay
= 310 — v — 0 = ¥l
= 31ys(8+2, Q) As — 15(5, Q) As|

30542 — §lAs=c(A9)?,

where § € [s_1,5]and §;2 € [S41,S42] fori =3,4,...,N - 3.
Therefore by combining Equations (35) and (36) we obtain

N-3
2 <) c(A9? pe 2t e 4120 Pl At < cllpFlL AL + 1204 AL,
i=3

We have from assumption (H2) that
N-1

I3 =D (s — mOPK + il — pOIAt
i=1

N-1 N-1
= CASZ p::-lAt +sup Z |pik+1 - p!(|At
i=1 De o

< c|p¥l1At + c TV (pY) At.

By assumption (H3),

N * /N-1 N X
(Z |/3|+1J ,3” ) p, AsSAt < CZ p] ASAt < c||p¥|1At.

]=0 i=1 j=0

(34)

(35)

(36)

37)

(38)

(39)
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A combination of Equations (32)—(39) then leads to

N-1
At At
TV = (1 - A—yl Mim) pk 4 Z Bipkas | At+ ) " lp, — Pkl + — 7 Vip§
i=1
§ Kk Kk k k
+ 2CAt TV(P*) + c|p®ll1 At + 12¢|p®|l 0 At + C|IP"|l1 At
+ cTV([EPH AL + cl|p|1 At
< 1+ AHTVEY) + oAt (40)
where ¢; = gc and ¢, = 4cMs + 12cMg. The result then follows. [ |

Next we will show that the finite difference approximations are ¢; Lipschitz continuous in t.

LEmma 4.5 There exists a positive constant Mg such that for any m > n > 0 the following
estimates hold:
N

i=1

p' _ p' AS < Mg(m — n).

Proof From Equation (29) and assumptions (H1)—(H3), we have

>

i=1

N

As= )| —Bpf — upkas+Bipl, — Dipl, + Z Blip AsAs|
i=1

p:(+l - pl

3 N 3
< Ssupy ) Ipl = piCal + sup el + Z 5 SUP 1751 = %Py

Daica D, i=1 < Da
N N X

+3 )" sup|Blpfasas
i=1 j=0 Da

3

2chqo )+ clpkly + c||pk||1 + Xl (41)

Thus by Lemmas 4.2 and 4.4 there exists a positive constant Mg such that

Therefore,

4.2. Convergence of the second-order finite difference approximations

We again follow similar notation as in [21] and define a set of functions {Pags at} bY {Pasat(S 1)} =
p}‘ forse[s_1,S),t e [tke1,t), i =1,2,...,Nandk=1,2,...,L. Then by Lemmas 4.2-4.5,
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the set of functions {Pasat} is compact in the topology of £1((0,1) x (0, T)). Hence following
the proof of Lemma 16.7 on p. 276 in [21] we obtain the following result.

THEOREM 4.6 There exists a subsequence of functions {Pag a1, } C {Pasat} Which convergesto
afunctionp € BV([0,1] x [0, T]) inthe sensethat for all t > 0,

1
/ [Pas.at, — P(s,t)|ds — 0,
0
T M
/ / |Pas,at, — P(s, )| dsdt — 0
o Jo

asr — oo (i.e. Aa, As, Aty — 0). Furthermore, there exist constants Mg depending on
IR ll8v(0.11x(0.T) Such that the limit function satisfies

lIpllBV(0,11x10,T) < M.

We show in the next theorem that the limit function p(s,t) constructed by the finite difference
scheme is a weak solution to problem (1).

THEOREM 4.7 The limit function p(s, t) defined in Theorem 4.6 is a weak solution of the DSSM.
Moreover, it satisfies

5 0
1Pl (0,11 < EXPGGCTHIP [loo-

Proof Let¢ e CY([0,1] x [0, T]) and denote the value of ¢ (s, ty) by qbl .
Multiplying Equation (26) by ¢k+1 and rearranging some terms we have

At
P — Pl = IO — 919 + 1[0 — 9D + (i — B 0]
N *

— Pk AL+ Y " Bl Pl AsAL. (42)
j=0

Multiplying the above equation by As, summingoveri =1,2,...,N,k=0,1,...,L—1,and
applying p§ = 0 and ¥ = 0 we obtain,

N L-1 N ¢k+1 ¢
Y g —plphas=>" > pk——L Asat
i=1 k=0 i=1
L-IN-1 ¢k+1_ k+1 L-1 N
+ Zfil/Z i+1 e ASAL — ZM k+lASAt
k=0 i=0 k=0 i=1
L-.1 N NX
+ ZZ B PF ST AsAtAS, (43)
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Note that by Equation (27), one has

LINZL kel ket L-1
1 Kk 1 L kek | Ok oK
£ 1/2|+—ASAt = Z |:Vo Po + Y1 P1 + YN-1Pn-1
k=0 i=0 k=0

n Z n+ V|+1 o + Z VP + VP

ied ied, 2
k K kK Kk k+1 k+1
YiaPE + 2P — WPy | bt — ¢
ASAL,
+Z 2 AS
ieJ;
(44)

where J; = {2 <i < N—2:sign(A,pfsign(A_pi) = —1, or sign(A,pk)sign(A_pf) =
0}, L={2<i<N-2:Ap'=2A,p>0 or Ap=<Ap<0, Z=2=<i=<N-
2:Ap<> A pfk>0, or A pf <A _pf<0}. One can easily check that J;UJ, UJ; =
{2,3,...,N —3,N — 2}. Now we could rewrite Equation (43) as

N L-1 N k+1
¢
Y et —plgas=) Z P ——— AsAt + Z Yol + 71PE + W_1Pi1
i=1 k=0 i=1 k=0
V| + V|+1 k V|+1p| + p|+1
oyt gt s
ie) i€,
k Ak Kk KK k+1 k+1
YigaPr T 2% — v pi—1:| i1 — @i
+> ASAt
i€J3 2 AS
L-1 N L-1 N N X
D kel asat+ > TN BEpf e AsAtAs. (45)
k=0 i=1 k=1 i=1 j=1

Since pk is piecewise constant and ¢ is smooth, and the integrals are limits of step functions,
we have

1 1
/(; Pasat(S Do (s 1) ds+ 8, — /o Pasat(s,0)¢ (s, 0) ds+ 5,
t 1 t AS
:/0 fo Pasat(S 1)@ (S, 1) dsdr + 33 +/0 {fo Y (S, Q(1))Pasat(s 7)¢s(S, 7) ds
1
! /1 Y (& QENPasar(s )s(s 7Y s+ /J (5, Q(1)Pasat(S D)ps(s, 7) ds
—AS X
+/J Y (8, Q(7))Pasat(s 1)ps(s, ) ds+ /J 7(S, Q(1))Pasat(S T)Ps(S, T) ds} dr + 8,
t 1
- /O /0 Pasat(s, T)u(s, Q)¢ (s ) dsdr + 85

t 1 1
+ /0 /O $(s,7) /0 Pasar(s 1)B(S Y, Q(r)) dydsdr + 8. (46)

8i — 0,i=1,2,...,6,as As, At — 0and by the choice of the initial values fol Pasat(s,0)¢(s,0)
ds — fol p’(9)¢ (s 0)ds as As— 0. By Theorem 4.6 fol |[Pasat — p(s,t)/ds— 0 and
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fg fol |[Pasat — P(s t)| dsdt — 0 as As, At — 0. Combining the above fact and Equation (46)
and following a similar argument used in the proof of Lemma (16.9) on p. 280 of [21], we can show
that the limit of the difference approximations in Theorem 4.6 is a weak solution to problem (1).
The bound on ||p||.~ is obtained by taking the limit in the bounds of the difference approximation
in Lemma 4.3. ]

Remark The scheme (25) is of second order in space (except at the boundary) but only first
order in time. To obtain second-order accuracy in time we will use the following TV diminishing
Runge—Kutta time discretization: Let

At o .
p =pk— (f|+1/2 %10 — mipf At + (Z ﬁilfjp}(As) At 1=12....N
o =0, (47)
N *
QY =>" pPAs

and compute

N
At
pitt = (p. +p = (8, — 0 - f“pi‘“AH(Z ﬂ.ﬁ“pf)AS) At),
j=0

i=1,2,...,N, 48
ot — (48)
Qk+l Z pk+l

where in Equations (47)~(48) we use the notation 1" = u(s, Q) and B = B(s.y, Q).
As for £} ,, it is the same as f%, with p™ replacing p** and y (s, Q®) replacing ;" =

y (s, Q“1). This gives a second-order scheme in both space and time which shares the same
stability and convergence properties as scheme (25) (see [12]).

5. Weak* connection between CSSM and DSSM

The aim of this section is to establish a relationship between solutions of the single state-at-birth
model CSSM and the distributed states-at-birth model DSSM. In particular, we show that if the
distribution of new recruits in the DSSM becomes concentrated at the left-boundary (s = 0), then
solutions of the DSSM converge to solutions of the CSSM in the weak* topology. To this end, we
have the following theorem:

THEOREM 5.1 Let {Br(S Y, Q)}n=1 be a sequence of reproductive functions of DSSM. Assume
Bn(s,Y, Q) = Bin(s)B2(y, Q) such that

(A) B2 € C1([0,1] x [0,00)) and 0 < Bz(y, Q) <.

(B) Bin € C([0,1]) and fol Bin(s)ds=1for eachn > 1.

(C) For every test function & € C[0, 1], fol Brn(9)E(S) ds — £(0), asn — oo.
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Then the weak solution p, of DSSM (1) corresponding to 8, converges to the weak solution,
p, of CSSM (2) in the weak* topology, i.e. asn — oo, fol pn(s, t)n(s) ds — fol p(s t)n(s) dsfor
every n € C[0, 1].

Proof It can be seen that 8, satisfies assumption (H3). Thus for each 8, there exists a weak

solution p, of DSSM (1) which satisfies Equation (3). We denote the total population by Q,(t) =
fol pn(s 1) ds. Now, let ¢ = 1 in (3) and apply property (B) we get

1 1 t 1
/pn(s,t)dS—/ p°(S)dS=—/ / Pn(S, T)1(S, Qn(r)) dsdr
0 0 0 JO

+ /Ot fol B2(¥, Qn(T))Pn(y, 7) dydz. (49)

Since i > 0 and p, > 0, By (A) one has
PGl < 10%l12 JrC/Ot IPn(:, D)l d7. (50)

Using Gronwall’s inequality, we have
1PaC, D12 < exp(et)[Ip°lly < exp(cT)[Ip°]ls. (51)

Combining Equation (51) and assumption (H4) one can easily see that the solutions p,
of DSSM are bounded in L! norm uniformly in n. Thus, there exists a subsequence {pn}
of {pn} that converges in the weak* topology to p as nj — co. More specifically, for every
n € C[0, 1], fol pn (S, t)n(s) ds — fol p(s,t)n(s)dsas n; — oo. Letting n = 1, we get Qn, — o)
as nj — oo. Since by assumption (H1), y (s, Q) is continuously differentiable with respect to s
and Q, y(s,Qn) —y(s 9), asn, — . Simjlarly, applying assumptions (H2) and (A) one gets
u(s,Qn) — u(s Q) and Ba(s, Qn) — B2(s,Q) as n — oo.

Now letting nj — oo in Equation (3) and applying (C) we obtain

1 1
/ P(s Do (s ) ds— f P’(94(s 0)ds
0 0
t pl
= /0 '/; p(s, T)[¢T (Sv T) + V(Sv Q(T))Qbs(s, 'L') — M(S’ Q(T))¢ (s, T)] dsd_’:

t 1
+ /0 $(0,7) /0 B2y, O(x)P(Y, 7) dy dr, (52)

for any ¢ € C*([0,1] x [0, T]). Therefore p satisfies Equation (1.2) in [4] and thus is a weak
solution of the CSSM with the initial condition p°(s) and reproduction function B, (s, Q). Since the
weak solution of CSSM is unique [4] we get that p, — p the unique weak solution of CSSM. B

6. Numerical smulations and examples

In this section we present several numerical simulations to demonstrate the performance of the
FOEU scheme (4) and the second-order explicit scheme (25) developed in the previous sections.
To better demonstrate their capability in solving the DSSM we compare the schemes with another
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second-order explicit upwind (SOEU) method [19], which is given by

k+1 K

P i vipk .

IAt "t Rs = “'p'+2 BlpAs, =1,

k+1 K k Ak k Rk

P — B 3y P — 4y Py K .

I At S AsI I :_Mip'+z ﬂ.,p, =2,

(53)
p:<+1 pk " Bypk — 4y Pk, + vopk,

At As

= _Mikpl +Z ﬁl p]kAS

3<i<N,0<k<L-1,
ek =0, 0<k<lL,
P =p’s), 0<i<N.

Here QX is discretized by the same Trapezoidal rule as used in scheme (25). We also uti-
lize scheme (25) to investigate the connection between the two population models: DSSM and
CSSM. At last we apply the numerical scheme (25) to show supercritical Hopf-bifurcation in a dis-
tributed states-at-birth model. Throughout this section we use uniformly spaced grid points for both
sand t.

6.1. Validation of the numerical methods against an exact solution

This example is merely designed to test the order of accuracy of the schemes for smooth solutions
and thus may be biologically irrelevant. To this end we choose the parameter values such that
the resulting model is nonlinear and would yield an exact solution. Let the initial condition be
p°(s) = s. The rest of the parameter values are chosen to be the following:

T = 8.0,
B(sy,Q) =1+ 4sQ,
_(1-9
v(s,Q) = T
u(s Q) = 2Q.

With this choice of model ingredients it can be easily verified that p(s,t) = se! is an exact
solution of the DSSM. Given the exact solution, we can show numerically the order of accuracy
of the schemes by means of an error table. We ran seven simulations for each scheme with step
sizes being halved with each successive simulation. Then we calculated the corresponding L*
norm of the error in each simulation for all schemes. In the initial simulation we let N = 10 and
L = 40. Based on these consecutive L; errors we calculated the orders of accuracy, and listed the
results in Table 1. This table indicates that the designed order of accuracy is obtained by all three
schemes for this smooth solution of the model.
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Table 1. L' errors and orders of accuracy for FOEU, SOEU and SOEM schemes.

FOEU SOEU SOEM

N L LL error Order LL error Order LL error Order
10 40 2.51E-1 3.68E—3 6.30E—3
20 80 1.15e—-1 1.12 9.63E—4 1.94 1.66E—3 1.92
40 160 5.56E—2 1.05 2.50E-4 1.95 4.33E—4 1.94
80 320 2.74E-2 1.02 6.39E—5 197 1.11E-4 1.97
160 640 1.36E—2 1.01 1.62E—-5 1.98 2.81E-5 1.98
320 1280 6.78E—3 1.00 4.07E—6 1.99 7.07E-5 1.99
640 2560 3.39E-3 1.00 1.02E-6 2.00 1.77E-6 1.99

logl© (L1 norm of theerror)

Figure 1. The logarithmic value of L! norm of the errors for FOEU, SOEU and SOEM schemes in seven simulations.

To have a better understanding of the order of accuracy, we plot the logarithmic value of the
L, norm of the errors for all three schemes in Figure 1. Combining Table 1 and Figure 1, one can
see clearly that the two second-order methods SOEU and SOEM perform almost equally well in
this case when the model parameters and solutions are smooth functions. Also it seems that to
get a similar accuracy as obtained in the second-order methods, the first-order method requires to

adopt step sizes at least 32 times smaller.

6.2. Behaviour at discontinuity

The superiority of the SOEM scheme over both FOEU and SOEU methods is clear once solutions

Simulations

become discontinuous. To show this, we set the initial condition in the DSSM as

p’(s) =

0.5,
11
0.5,

0 <s5<0.25,

0.25 <s<0.75,

0.75 <s <1,
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Figure 2. The size distributions at time t = 1 are plotted for all three schemes for m = 1,10, 100 and 1000.

and choose the following model ingredients:

1
0, S§y—2—,
By, Q = {m, y—%nfssyvtﬁ,
1
0, S>y+?n,
e =2,

n(s, Q) =2exp(0.1Q),

with mbeing a positive constant.

The above parameter choices introduce several discontinuities in the solution: two that arise
from the initial condition and another that arises from the incompatibility of the boundary and
initial condition at the origin. In the numerical simulationswe use T = 1.0, N = 400 and L = 800.
The results corresponding to different values of m for all three methods are shown in Figure 2.
One can observe that SOEM scheme performs better than both the FOEU and SOEU schemes.
It demonstrates sharper accuracy in capturing the discontinuity in the solution than both upwind
schemes without generating (decaying) spurious oscillations.
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6.3. Numerical verification of the convergence of solutions of DSSM to CSSM

In this section we provide some numerical corroboration to Theorem 5.1. To this end, we set the
initial condition to be p°(s) = s* and the parameters involved in the DSSM as follows:

ysQ =11-9),

u(s,Q =1
To invoke Theorem 5.1 let
R i
,31(5, a, b) = W’ Se [0, l], (54)

be the Beta probability density function with parameters a and b; while
1
B(a,b) = / X211 — x)P~t dx
0

is the Beta function.

Note that the expected value (mean) of the Beta distribution random variable s with two
parameters a and b given in Equation (54) is 1/(1 + b/a). Therefore, as b/a — oo, the mean
is located at the left boundary, s = 0. That is, when b/a — oo, the beta distribution becomes a
one point Degenerate distribution with a Dirac delta function spike at s= 0 with 100% prob-
ability (absolute certainty) [18]. Based on this property of Beta distribution, we fix a > 1 and
choose a sequence b, — oo. It is easy to check that the sequence of fertility functions of DSSM
Bn(s,Y, Q) = B1(s; a, b)) B2 (y, Q) with 8, = 1 satisfies the conditions in Theorem 5.1. Thus, this
theorem states that the solutions of the DSSM will converge to the solution of CSSM with fertil-
ity 8, = 1 in the weak™* topology. The numerical results we present below demonstrate that this
convergence may actually hold in a stronger topology, namely L*.

In the numerical simulations presented below, we choose a = 1.01 and b = 50, 75, 100, respec-
tively. The graphs of the fertility function 8 corresponding to these values of bare shown in Figure 3
(left). To simulate the CSSM, we let the fertility 8, = 1 and for all other parameters we use the
same values given above for DSSM. We then apply SOEM for solving the DSSM and CSSM.
The results of the densities of DSSM and CSSM at T = 0.8 are presented in Figure 3 (right).

70 - . . . 0.7
= == a=1.01,b=50 = oo

= . e a=101 b=75 06 = = = DSSM a=1.01, b=50
< 60 H = = a=101,b=100 o [ RTTPTOY DSSM a=1.01,b=75
K IS = = DSSM a=1.01,b=100
%" 50|, 0.5 e CSSM
g s
£ 4 3 & 0415
= 1 S 4
= "% K2 L
2 30p% S 03@
8 s i
— ) § il
B of 028
I ]

3 r
= Py, ]
B 10 PR 0.1
[a] oS

IS s}
0 NS 0 (23
0 0.05 0.1 0.15 0.2 0.25 0 0.2 0.4 0.6 0.8 1
s s

Figure 3. Left: The graph of the distributed recruitment rate 81 (s, a,b) for a= 1.01 and b = 50, 75, 100. Right: The
solution p(s, 0.8) for DSSM corresponding to a = 1.01 and b = 50, 75, 100 against the solution p(s, 0.8) for CSSM.
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6.4. Supercritical Hopf-bifurcation

We present a ‘toy model’ here, in which a unique positive steady-state loses its stability via
Hopf-bifurcation. This example is further interesting, since as we will see, the net reproduction
function is decreasing at the steady state (i.e. its derivative is negative) but the steady state is
unstable. In fact this is the only case when stability can be lost via Hopf-bifurcation, since if the
model ingredients are such that the derivative of the net reproduction function is positive then the
governing linear semigroup is positive, see e.g. [10]. To illustrate the main ideas first we introduce
a simple example for the classical Gurtin-MacCamy-type model, and then we perform numerical
simulations to show that supercritical Hopf-bifurcation occurs in a corresponding distributed
states-at-birth model, too.

Let y =1 and the mortality rate u = (). Assume that the survival probability 7 (s) =
exp{— [y () dz} is given by

_ 1! Se [0! SC]!
o= {0, se[s 1], %)
_]0o, se [0, U(g+e,1], Qe [0,00),
PeQ = !eQRsl, se[q.q+¢l, Qe [0, 00), 6)

whereR> 1, ¢ > 0,and0 < ¢ < s < 1. Note that in this example both the fertility and mortality
functions are discontinuous. With this choice of the survival probability and fertility function the
net reproduction function reads:

q+e
R(Q) = f e QRetds=Re
q

Hence forany R > 1 there is aunique positive steady state with total population size Q, = In(R).
We have

Q.

———— =5""InR and p.(s) =5 InR7(S).
Jo m(9)ds

The characteristic equation corresponding to the linearized system at the positive steady state
reads (see e.g. [10]):

1 1 1
1=K®) = / B(s,Qm(s)e **ds+ / m(s)e *ds / S IN(R (s, Q) (9) ds
0 0 0
1—e* L 1—ets
— oM _ 1
= — s IR — (57)

In the limit as ¢ — 0 the characteristic equation (57) reduces to:

1=¢?_gt In(ﬁ)ﬁ (58)
= —

We look first for pure imaginary roots of the characteristic equation (58), i.e. assume that A = i«
for some « € R\ {0}. For such an eigenvalue equation (58) reads:

1 = (cos(aq) — isin(aq)) + ie st IN(R) (1 — cos(ase) + i sin(asy)), (59)
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which is equivalent to

1 = cos(eq) — e s In(R) sin(as), (60)
0 = —sin(aq) — o st In(R)(cos(ase) — 1). (61)

Straightforward calculations show thatforq = £, s = § and for In(R) = 37 /2 equations (60)—
(61) admit the solution A = 3xri. Next we would like to show that the pair of purely imaginary
eigenvalues A1/, = 23mi cross the y-axis to the right. To this end we write s In(R) =37 +r
and A = g+ 3xi, where r, g € R. The characteristic equation (58) reads:

r+ 3w
g+ 3xi

1=—ie7¥® — (1 —ie™"/?),

which leads to

3r = —qe 9 4 (r +3m)e "2,

q=37e % —r-3r=r+4+37r =379 —q

Henceforr < 0( <= & > 0.5) smallenoughthe eigenvalue > = q + 3 iwill have a positive
real part. Next we note that the continuous dependence of the eigenvalues on the parameter ¢ (see
e.g. [13, Ch. IV.3.5]) implies that for ¢ > 0 small enough the eigenvalue will still have a positive
real part.

Our next numerical example demonstrates, for the first time as far as we know, that such
bifurcation may also occur in the DSSM. This is somewhat surprising mainly because the integral
operator representing the distributed states-at-birth may have a smoothing effect, in general. We
let p° = sand

y =1,
B 160
~ (25000082 — 2500005 + 62505)(0.32 arctan(250 — 500s) + 2)

B = B1(s,Q)Ba(Y),

7

T
A

0

Figure 4. Left: A comparison of the total population sizes Q(t) for a = 6, 26, 46; Right: Bifurcation graph of Q with

10 20 30 40 50 60 70 80
t

respect to parameter a.

0 10 20 30 40 50 60 70 80 90 100
a
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where

B1(s, Q) = aexp(—Q)(10arctan(5 — 1000s) + 15.7),

1 1 2 3
Ba(y) = T exp <—O.5 (100 (y— i 0.005)) ) exp <7) ,

Here a is a positive constant. The dynamics of total population Q(t) for different values of a
are shown in Figure 4 (left). Only the maximum and minimum values of Q are plotted in the
bifurcation graph of the dynamics of Q(t) with respect to a in Figure 4 (right).

7. Conclusion

We have developed a first-order upwind scheme and a second-order finite difference scheme to
approximate the solution of a size-structured population model with distributed states-at-birth.
Convergence of both schemes to the unique bounded TV weak solution has been proved. Numeri-
cal results are provided to demonstrate the capability of the numerical methods in resolving smooth
as well as discontinuous solutions. For smooth solutions both schemes achieve the designed order
of accuracy. For discontinuous solutions, the second-order scheme demonstrates better accuracy in
capturing the discontinuity compared to upwind schemes. The second-order scheme is also applied
to the distributed states-at-birth model (DSSM) to show that supercritical Hopf-bifurcation may
occur in such models.

We also proved the convergence of the weak solution for the DSSM in the weak* topology
to that of the CSSM under certain conditions on the fertility function and used the second order
scheme to demonstrate this convergence.
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